Abstract. In this paper we present a sequence of link invariants, defined from twisted Alexander polynomials, and discuss their effectiveness in distinguish knots. In particular, we recast and extend by geometric means a recent result of Silver and Williams on the nontriviality of twisted Alexander polynomials for nontrivial knots. Furthermore building on results in [FV06b] we prove that these invariants decide if a genus one knot is fibered, and we also show that these invariants distinguish all mutants with up to 12 crossings.
Definition of the invariant and main results
Let L ⊂ S 3 be an oriented m-component link, and denote by X(L) = S 3 \νL its exterior. Let R = Z or R = F p : given a representation α : π 1 (X(L)) → GL(R, k) we can consider the associated multivariable twisted Alexander polynomial ∆ α L ∈ R[t ±1 1 , . . . , t ±1 m ] (where t 1 , . . . , t m correspond to a basis of H 1 (X(L)) determined by the meridians to each link component), well-defined up to units. In Section 2.1 we recall the details of the definition.
Let now α : π 1 (X) → S k be a homomorphism into the symmetric group. Using the action of S k on R k by permutation of the coordinates, we get a representation π 1 (X) → S k → GL(R, k) that we will denote by α as well. Consider now the set of representations of π 1 (X(L)) in the symmetric group, modulo conjugation:
where two representations are equivalent if they are the same up to conjugation by an element in S k . Note that given α : π 1 (X(L)) → S k the polynomial ∆ α L depends only on the equivalence class [α] of α in R k (L). We now define the invariant
We will illustrate the effectiveness of this invariant by discussing some of the topological information that it carries, and by using explicit calculations we show its ability to distinguish many examples of inequivalent mutant knots.
The next proposition relates the link invariants ∆ k L with epimorphisms of the link group onto finite groups, which will lead to a useful topological interpretation (cf. Lemma 2.3). Precisely, consider an epimorphism γ : π 1 (X(L)) → G, where G is a finite group of order k = |G|. Using the left action of G on its group ring we can define a representation, denoted with the same symbol, γ : 
In fact we will show that if L is neither the unknot nor the Hopf link, then there exists an epimorphism γ : π 1 (X(L)) → G to a finite group such that ∆ γ L = 1. (This result is nontrivial when m = 1 or 2.) For the case of knots this provides a different approach to a recent result by Silver and Williams [SW06] .
The proof is based on the relation between twisted Alexander polynomials and covers of the link exterior, using ideas from previous papers by the authors [FV06a, FV06b] , combined with information on the topology of those covers arising from the work in [Lu88, Ko87, CLR97] .
If K is a fibered knot, its ordinary Alexander polynomial is monic. The following result, combining results from [FK05] and [FV06b] , generalizes that assertion to ∆ k K and shows that, at least in some cases, the converse holds true. The paper is organized as follows. In Section 2 we give a precise definition of twisted Alexander polynomials and discuss some basis properties. In particular we give a proof of Proposition 1.1. In Section 3 we give the proofs of Theorems 1.2 and 1.3. We conclude the paper in Section 4 with several examples and questions.
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2. Twisted Alexander polynomials and finite covers 2.1. Twisted Alexander modules and their polynomials. In this section we give the precise definition of the (twisted) Alexander polynomials. Twisted Alexander polynomials were introduced, for the case of knots, in 1990 by Lin [Li01] , and further generalized to links by Wada [Wa94] . We follow the approach taken by Cha [Ch03] and [FV06a] .
For the remainder of this section let N be a 3-manifold (by which we always mean a compact, connected and oriented 3-manifold) and denote by H := H 1 (N )/TorH 1 (N ) the free abelian quotient of π 1 (N ). Furthermore let F be a free abelian group and let R be Z or the field F p := Z/pZ where p is a prime number. Now let φ ∈ Hom(H, F ) be a non-trivial homomorphism. Through the homomorphism φ, π 1 (N ) acts on F by translations. Furthermore let α :
We can therefore view
Note that this module structure commutes with the natural
LetÑ be the universal cover of N . Note that π 1 (N ) acts on the left onÑ as group of deck transformation. The chain groups C * (Ñ ) are in a natural way right Z[π 1 (N )]-modules, with the right action on C * (Ñ ) defined via σ · g := g −1 σ, for σ ∈ C * (Ñ ). We can form by tensor product the chain complex
) is a finitely presented and finitely related
-modules, where we can always assume that r ≥ s. When φ is the identity map on H, we will simply write ∆ α N . Also, we will write ∆ N,φ in the case that α :
L for the twisted Alexander polynomial of X(L). Also, we can identify H with the free abelian group generated by t 1 , . . . , t m and we can view the corresponding twisted Alexander
Twisted Alexander polynomials and homomorphisms to finite groups. Let N be a 3-manifold and let γ : π 1 (N ) → G be an epimorphism onto a finite group G of order k = |G|. We get the induced regular representation γ :
It is easy to see that the isomorphism type of the
The following lemma clearly implies Proposition 1.1.
Lemma 2.2. Let γ : π 1 (N ) → G be an epimorphism onto a finite group G of order k. Then there exists a homomorphism α : π 1 (N ) → S k such that the corresponding representation
is given by the regular representation γ :
Proof. Denote the elements of G by g 1 , . . . , g k . Since γ defines an action on the set G = {g 1 , . . . , g k } via left multiplication we get an induced map α : π 1 (N ) → S k . Clearly the corresponding representation
is isomorphic to the regular representation γ :
2.3. Twisted Alexander polynomials and finite covers. For the remainder of this section let γ : π 1 (N ) → G be an epimorphism onto a finite group G of order k, and take R = Z. Denote the induced G-cover of N by π : N G → N . Also, denote by H G the free abelian quotient of π 1 (N G ): the map π * : H G → H is easily seen to have maximal rank, hence in particular
). Given any homomorphism φ : H → F to a free abelian group F we can consider the induced homomorphism
In particular, when φ is the identity map on H, we have φ G = π * : H G → H.
We can now formulate the relationship between the twisted Alexander polynomials of N and the untwisted Alexander polynomial of N G .
Finally, we need to rewrite the Alexander polynomial ∆ N G ,π * in terms of the full Alexander polynomial of N G ; their relation is the following. 
3. Remark. Recall that infinite virtual Betti number vb 1 (N ) means that N admits finite covers of arbitrarily large Betti number. A priori, the covers do not have to be regular: however, to any finite coverN with fundamental groupπ we can canonically associate a finite regular coverN determined by the subgroupπ := ∩ p∈π 1 (N ) pπp −1 . This subgroup is clearly a normal subgroup of bothπ and π 1 (N ). Also, sinceπ ⊂ π 1 (N ) is of finite index we see easily that π is in fact the intersection of finitely many subgroups of π 1 (N ) of finite index. Thereforē π ⊂π ⊂ π 1 (N ) is of finite index as well, andN is a finite cover. From standard arguments, we have b 1 (N ) ≥ b 1 (N ) ≥ b 1 (N ), so we can assume that N admits finite regular covers of arbitrarily large Betti number. The set of left cosets π 1 (N )/π is a finite group, that we denote by G, henceπ is the kernel of an epimorphism γ : π 1 (N ) → G, so thatN = N G . The main new ingredient in the proof of Theorem 1.2 is the following observation.
an oriented link which is neither the unknot nor the Hopf link. Then vb 1 (X(L)) = ∞.
Proof. First note that if L is a split link, i.e. if X(L) = S 3 \ νL is reducible, π 1 (X(L)) maps onto a free group with two generators, which implies that vb 1 (X(L)) = ∞ (cf. e.g. [Ko87] ). We can therefore now assume that L is not a split link. In particular no component of L bounds a disk in the complement of the components. By Dehn's Lemma this implies that the boundary of X(L) is incompressible. As X(L) is irreducible and has boundary, X(L) is Haken, hence it admits a geometric decomposition along a (possibly empty) family of essential tori T . We will break the argument in subcases.
First assume that T is non-empty. Clearly X(L) cannot be covered by a torus bundle over S 1 since X(L) has boundary. It therefore follows from Theorem 3.1 that vb 1 (X(L)) = ∞. Now assume that T is empty. By Thurston's geometrization of Haken manifolds we deduce that either X(L) is Seifert-fibered or the interior of X(L) has a complete hyperbolic structure of finite volume.
In the hyperbolic case, Theorem 3.2 asserts that vb 1 (X(L)) = ∞. We are left with the Seifert-fibered case. The classification of Seifert links (see [EN85, Chapter II] ) shows that L is the link obtained by removing m fibers, regular or singular, from the (p, q)-Seifert fibration of S 3 , where (p, q) are coprime integers or (0, ±1). Depending on the type of the orbifold quotient (see Jaco [Ja80, Chapter VIII]), X(L) either contains essential tori or is special. In the former case, Theorem 3.1 implies vb 1 (X(L)) = ∞ right away. If X(L) is special, checking case-by-case, L is either: a (nontrivial) (p, q)-torus knot, obtained by removing a regular fiber; the union of the unknot and its (p, q)-cable, obtained by removing a regular and the fiber with multiplicity p (whose exterior is the p/q-cable space); one of a family of 3-component links obtained by removing a regular fiber and the two singular fibers. In the last two cases, we can identify an essential, non-separating cabling annulus joining a regular and a singular fiber of the Seifert fibration. With the exception of the Hopf link with either orientations (corresponding to q = ±1) these annuli do not fiber X(L) by [EN85, Theorem 11.2]. For a (p, q)-torus knot traced on a torus T , the annulus X(L) ∩ T is the only essential annulus, and it is separating, so we pass to some finite cover. However, this cover cannot be an annulus bundle over S 1 (T 2 × I or the twisted I-bundle over a Klein bottle), as by [He76, Theorems 10.5, 10.6] the only manifolds covered by T 2 × I are T 2 × I itself and the twisted I-bundle over a Klein bottle, which does not embed in S 3 . It follows that, with the exception of the Hopf link with either orientation (for whom X(L) = T 2 × I), all these links have vb 1 (X(L)) = ∞ by Theorem 3.1.
The following theorem, together with Proposition 1.1, immediately implies Theorem 1.2. 
Proof. Since L is neither the unknot nor the Hopf link, Lemma 3.3 implies that there exists a cover X(L) G with b 1 (X(L) G ) > 2. As X(L) G has non-empty boundary all of whose components are tori, Corollary II.4.4 of [Tu02] implies that the sum of the coefficients of ∆ X(L) G is zero. Hence, by Proposition 2.4 the sum of the coefficients of ∆ X(L) G ,π * is zero as well, hence, by Lemma 2.
When L is the unknot or the Hopf link, X(L) is homeomorphic to S 1 × D 2 and T 2 × I respectively. In particular, the maximal (free) abelian cover X(L) is contractible. Given any representation π 1 (X(L)) → GL(R, k), we have
where the first isomorphism follows from the Eckmann-Shapiro lemma. As the corresponding twisted Alexander module is trivial, ∆ k L = 1 for all k. This implies that the sequence ∆ k L detects the unknot and the Hopf link. 3.2. Proof of Theorem 1.3. Let K ⊂ S 3 be a fibered knot; it is shown in [FK05] that ∆ α K is monic for any representation α : π 1 (X(K)) → GL(Z, k) (cf. also [Ch03] and [GKM05] ). This clearly implies that ∆ k K is monic for all k. Now let K be a genus one knot such that ∆ k K is monic for all k. We denote by N K the zero framed surgery along K. Gabai [Ga87] showed that K is fibered if and only if N K is fibered. Clearly, N K has vanishing Thurston norm. Under this hypothesis we show, in [FV06b] that if N K is not fibered, then there exists an epimorphism β :
Since π 1 (X(K)) → π 1 (N K ) is an epimorphism, it follows from the 5-term exact sequence (cf. [Br82, Chapter VII,Corollary 6.4]) that
In particular ∆ γ X(K) = 0. But then Theorem 1.3 follows from Proposition 1.1.
Calculations
A natural test for invariants is their ability to detect mutation. Perhaps the most famous pair of mutants consists of the Conway knot 11 401 and the Kinoshita-Terasaka knot 11 409 .
(Here we use Knotscape notation for knots with more than 10 crossings, it is organized so that non-alternating knots are appended to alternating ones instead of using 'a' and 'n' superscripts.) In both cases there exist seven equivalence classes of abelian homomorphisms π 1 (X(K)) → S 5 and one non-abelian equivalence class of homomorphisms π 1 (X(K)) → S 5 . Using KnotTwister we can compute their invariants:
∆ 5 11 401 = 1 + 6t + 9t 2 + 12t 3 + t 5 + 3t 6 + t 7 + 3t 8 + t 9 + 12t 11 + 9t 12 + 6t 13 + t 14 ∆ 5 11 409 = 1 + 11t + 12t 2 + 10t 3 + 5t 4 + 11t 5 + 4t 6 + 11t 7 + 5t 8 + 10t 9 + 12t 10 + 11t 11 + t 12
where both polynomials are considered in F 13 [t ±1 ]. Note that Wada [Wa94] used parabolic representations to SL(F 17 , 2) to show that these two knots can be distinguished using twisted Alexander polynomials (cf. also [In00] ). We have computed ∆ k K ∈ F 13 [t ±1 ] for all groups of mutant 11-crossing knots for the smallest value of k that distinguishes the mutants. The results are tabled in the Appendix. We also computed ∆ 5 K for all groups of mutant 12-crossing knots, and again we verified that ∆ 5 K distinguishes the mutant knots. We can summarize these computations in the following lemma.
Lemma 4.1. Let K 1 , K 2 be a mutant pair with 12 crossings or less. Then
Note that the results of Section 3 can be interpreted as stating that the sequence ∆ k K detects the unknot, the trefoil knot and the figure-8 knot (which are the only fibered genus one knots). This raises the question about how effective is the sequence ∆ k K at distinguishing knots in general.
In fact, we can use ∆ k K to examine pairs of knots for whom other invariants are inconclusive. For example, the knots 10 40 and 10 103 are alternating knots with the same HOMFLY polynomial (hence same Jones and Alexander polynomial) and the same signature. As Ng [Ng05, p. 292] 
